The anomalous magnetic moment of the muon, g µ − 2, is one of the most promising observables to identify hints for physics beyond the Standard Model. QCD contributions are currently responsible for the largest fraction of the overall theoretical uncertainty in g µ − 2. The possibility to determine these hadronic contributions from first principles through lattice QCD calculations has triggered a number of recent studies. Recent proposals to improve the accuracy of lattice determinations are reported. We present an update of our studies of the leading-order hadronic contribution to g µ − 2 with improved Wilson fermions.
Introduction
The anomalous magnetic moment of the muon, a µ = (g µ − 2)/2, is a remarkable example of a quantity that can be studied with very high accuracy on both the experimental and the theoretical sides. The 0.5 ppm uncertainty of the current experimental value allows to probe contributions from electromagnetic, strong and weak interactions. The Standard Model (SM) prediction has reached a comparable precision [1] , The deviation between theory and experiment currently amounts to a 3.6 σ effect. The next generation of experiments at Fermilab [2] and J-PARC [3] aims at a reduction of the uncertainty in a µ by a factor of four. Such a precision will substantially enhance the sensitivity to physics beyond the SM. It is, however, equally important to examine the reliability of the current SM prediction and to attempt to reduce its uncertainty to the level of the forthcoming experimental results. The SM result has recently profited from an outstanding achievement in determining the QED contribution up to 5-loop order [4] . Theory errors in eq. (1) arise from lowestorder hadronic (HLO), higher-order hadronic and electroweak contributions, respectively. The SM error is thus markedly dominated by QCD dynamics and, in particular, by HLO vacuum polarisation effects. The HLO vacuum polarisation contribution, a HLO µ , can be obtained by a dispersive approach that combines basic properties of the theory -such as analyticity and unitarity -with experimental input. A collection of recent measurements [5] [6] [7] of inclusive hadronic cross-sections, σ(e + e − → hadrons), has allowed to reach a 0.6% precision on the LO hadronic contribution, a HLO µ = 6923(42)·10 −11 [1] . A persistent ∼ 3σ deviation between the analyses of the π + π − channel by BaBar and KLOE has a significant impact on the SM prediction. This is being investigated by several experiments [3] . Conversely, the tension in the results for a HLO µ based on e + e − and τ data has recently been reduced below the 2 σ level [7, 8] .
Since the dispersion relation results largely depend on experimental data, it is desirable to consider also an independent approach based on first principles. A determination of a HLO µ along these lines can be achieved through lattice QCD. A number of studies [9] [10] [11] [12] [13] [14] [15] have demonstrated the potential of this approach. It is nonetheless still a considerable challenge for the lattice studies to reach the sub-percent accuracy of the dispersion relation result. There has recently been an intense activity in order to device new ways of improving the accuracy of the lattice determinations of a HLO µ .
Lattice QCD Determinations of a HLO µ
The hadronic vacuum polarisation tensor, depending on the Euclidean momentum Q, reads
where the flavour singlet vector current is given by,
Q f is the electric charge of the quark flavour f. Euclidean invariance and current conservation imply,
The VPF Π(Q 2 ) can be decomposed into non-singlet and singlet contributions. The subtracted VPF, Π(Q 2 ) = Π(Q 2 ) − Π(0), is free of ultraviolet divergences and can be convoluted with a known analytic kernel function K(Q 2 , m µ ) to derive the standard representation for a HLO µ [9, 16] currently being used on the lattice,
where m µ is the muon mass. A comparison of lattice QCD determinations of a HLO µ [11] [12] [13] [14] [15] is shown in Fig. 1 . The present uncertainty from the lattice computations is larger than the 0.6% precision of the dispersion relation approach. With the current accuracy, it is still challenging to isolate the relative contributions from dynamical strange and charm quarks. However, the s and c valence contributions -while being significantly smaller than those from u, d quark flavours -can be determined with relatively good precision [15, 17] .
The uncertainties of the lattice QCD results of a HLO µ have multiple origins. In the next section we outline the main sources of errors affecting these computations and report about the recent proposals to address them. is to constrain with accurate lattice data the Q 2 region where the integrand in eq. (5) Partially Twisted Boundary Conditions. To circumvent the limitation of having access only to a restricted set of low momentum values, periodic boundary conditions for the valence quark fields can be replaced by twisted boundary conditions [18] [19] [20] . A denser set of momenta can thus be reached [14] in a region closer to Q 2 ≈ m 2 µ , at the price of additional numerical effort and of small systematic effects from the breaking of isospin symmetry [21] [22] [23] . The increasing fluctuations in Π(Q 2 ) at small Q 2 values are however still present when adopting this procedure.
Extrapolation to Q 2 = 0. The integrand in eq. (5) is peaked at low Q 2 where lattice data are not available. Moreover, an extrapolation of Π(Q 2 ) to Q 2 → 0 is needed when relying on the standard representation for a HLO µ . The estimate of the systematic effects associated with this extrapolation is one of the crucial aspects of present lattice calculations. Parametrisations of the Q 2 dependence of the VPF based on vector meson dominance can introduce a model dependence that is difficult to quantify. Alternatively, Padé approximants supply a model-independent and systematically improvable description of the Q 2 behaviour of Π(Q 2 ) [14, 24, 25] . Correlations among Q 2 data points and the increasing number of fit parameters limits the order of the Padé approximants that can be reached for the purpose of testing the convergence properties of the series. This problem can be alleviated by restricting the use of Padé fits to the low momentum region, Q 2 0.4 GeV 2 , which is known to provide the bulk on the contribution to a HLO µ , see Fig. 2 . By splitting the bounds of the integral in eq. (5) into low and high Q 2 intervals, a dedicated analysis of each of these regions can lead to an additional handle on the assessment of systematic effects [26, 27] .
Momentum Derivatives of the Vacuum Polarisation. A complementary way to scrutinise the difficulties encountered in the low-Q 2 region is to consider derivatives with respect to momentum of the vacuum polarisation.
By applying derivatives of the vacuum polarisation tensor in eq. (4) with respect to Q µ and Q ν , it is possible to extract Π(Q 2 ) and, in particular, to isolate Π(0). These derivatives have formally been applied in order to rewrite Π(0) in terms of suitable correlation functions involving the integrated insertion of currents [28] . The availability of Π(0) then allows to reach the dominant momentum region, Q 2 ≈ m 2 µ , through an interpolation. The derivative of the VPF with respect to Q 2 is free of ultraviolet divergences. The Adler function [29, 30] is a related physical quantity, defined as follows,
The Adler function can be combined with an appropriate kernel function to derive an alternative representation for a HLO µ [31, 32] ,
where the substitution [35] . The idea of taking the derivative of Π(Q 2 ) with respect to Q 2 can be extended to include higher order derivatives at Q 2 = 0, computed via Euclidean-time moments of the vector correlation function, eq. (10), at vanishing spatial momentum [17] . The subtracted VPF can then be constructed from its Taylor expansion. Longdistance effects are enhanced when increasing the order of the moments. For the u, d contribution, these effects are expected to be sizeable since they are related to the two-pion decay channel of the ρ-meson.
A new integral representation for a HLO µ based on the Mellin transform of the hadronic spectral function [36] relies on the calculation of the moments M(−n),
with n = {0, 1, 2, . . . }. In this approach, the subtracted VPF also appears in the evaluation of integrals over Q 2 , which are, however, better suited than e.g. eq. (5) for the regime of momenta accessible on the lattice. An evaluation based on a phenomenological model [37] indicates that already for the order n = 3, a 1% deviation from a determination of a HLO µ based on the dispersion relation approach could be achieved [36] .
Mixed (Time-
can provide alternative means to monitor the leading systematic effects present in lattice computations -a few examples have been mentioned above. These integral representations can differ by the weight given to the integrand by a particular Q 2 region or by the relative size of the long-distance contributions. A representation could thus be better suited for lattice QCD studies provided that it is more constrained by the region where data is available and sufficiently accurate.
A mixed-representation of the subtracted VPF involving the time-momentum dependence of the vector correlation function G(x 0 , k),
can be written as follows [37] ,
(11) The subtracted VPF determined in this way preserves a continuous dependence on Q 2 , in particular in the neighbourhood of Q 2 = 0 [34, 38, 39] . The integration bounds in eq. (11) imply that longdistance effects in G(x 0 , k = 0) will contribute. For u, d quarks, they are governed by the resonance nature of the ρ-meson. This necessitates the incorporation of interpolating operators which couple efficiently to two-pion states into the vector correlation function. An appealing feature of the mixed-representation is that quark-disconnected diagrams, which arise from the singlet contribution to the vector correlation function, can be evaluated straightforwardly using efficient noise reduction techniques [40] .
Since different representations can lead to an improved control of the uncertainties in distinct Q 2 intervals, it is beneficial to combine the use of these representations to reduce the overall error on a HLO µ . In general, a mixture of methods based on previously discussed ideas -used in combination with variance reduction techniques [41, 42] -is expected to lead to a more accurate lattice result for a HLO µ .
Reaching the Physical Point
We already mentioned that various sea and valence quark flavours contributing to a HLO µ are now being incorporated in the lattice simulations (see Fig. 1 ). In addition, simulations with non-degenerate u and d quark masses [22] or studies of the valence b-quark contribution with NRQCD [43] are also being considered.
The approach to the physical point in the u, d sector can be a source of sizeable systematic effects. The lightquark mass dependence of a HLO µ is linked to the resonance nature of the ρ-meson and is thus expected to become more important when approaching the chiral limit. Different fit forms, often inspired by chiral effective theories, have been used to estimate the uncertainty from the chiral extrapolation. The explicit measurement of the vector meson mass has also been used in the calculation of a HLO µ to modify its chiral behaviour [12] . Studies including simulations in the neighbourhood of the physical point have recently been reported [17, 22, 44] . For sufficiently large volumes, the physical effect of the ρ-a ≈ 0.08 fm a ≈ 0.06 fm a ≈ 0.05 fm meson decay will contribute and a dedicated effort will be needed to address the associated fluctuations.
Studies of a HLO µ with improved Wilson fermions
The lattice group in Mainz has developed a dedicated research program aiming at a precise determination of physical observables related to the VPF [14, 21, 34, 35, 39, 40, 42, 45, 47, 48] . We report some recent developments in the study of a HLO µ where several of the previously discussed advances have been implemented.
The lattice QCD ensembles (c.f. table 1) with two dynamical flavours of non-perturbatively O(a) improved Wilson fermions were produced as part of the CLS initiative. They include three values of the lattice spacing a, large volumes and pion masses down to M π ≈ 190 MeV. A substantial increase in the number of measurements N meas has also been achieved recently.
The VPF is extracted through eq. (4) from a lattice determination of the vacuum polarisation tensor, using local-conserved vector currents in the r.h.s of eq. (2). A high density of Q 2 points for the VPF is attained by the use of partially twisted boundary conditions. We take advantage of this in order to derive the Adler function D(Q 2 ) in eq. (7) from numerical derivatives of the VPF [21, 35] . The Q 2 dependence of the Adler function is then analysed in terms of Padé approximants of various orders. This study is integrated into a global analysis of D(Q 2 ) combining all the ensembles listed in table 1. An estimate of D(Q 2 ) in the continuum limit and at the physical point can be obtained in this way. [1, 2] and [2, 2] . Fits where pion masses, M π ≥ 400 MeV, have been included/excluded are used to study systematic effects in the light-quark mass dependence of a HLO µ . We observe that lattice artefacts are under control by performing separate analyses with fit ansätze including either O(a) or O(a 2 ) terms [35] .
An illustration of the pion-mass dependence of the nonsinglet (u, d) contribution to the Adler function at fixed Q 2 is shown in Fig. 3 . Systematic effects due to lattice artefacts and from the extrapolation of the light-quark mass to the physical point are explored by considering various fit forms and by repeating the analysis on subsets of the available ensembles [35] . The light (u, d) as well as the partially quenched strange s Q and charm c Q contributions to D(Q 2 ) are displayed in Fig. 4 . Some interesting applications of the Adler function include the matching to perturbation theory to determine the QCD coupling constant α s or the study of the hadronic contribution to the running of QED coupling [47, 48] . Preliminary results for a The determination of the subtracted VPF from the mixed-representation in eq. (11) can be compared to the more standard procedure where Π(Q 2 ) is extracted from eq. (4) and then extrapolated to Q 2 = 0 to determine Π(Q 2 ) [39] . The top panel of Fig. 6 shows an example of this comparison for the subtracted VPF over a large Q 2 interval. The agreement is corroborated by the lower panel of Fig. 6 where the extrapolated estimate for Π(0) is checked against the mixed-representation method.
The flavour singlet currents in eq. (3) require the presence of Wick contractions involving both quarkconnected and quark-disconnected contributions to the vector correlation functions. The latter suffer from large statistical fluctuations and are therefore often neglected in present lattice computations due to their high computational cost. It is however crucial to put a bound on their expected size. The mixed-representation correlator G(x 0 , k = 0) in eq. (10) is dominated in the large Euclidean time limit by the lowest energy state corre- [40] . The asymptotic value −1/9 in eq. (12) is denoted by the blue horizontal line for x 0 /a ≥ 15. Approximately 4 · 10 5 inversions of the Dirac operator are needed to achieve the accurary shown in this figure. sponding to the isovector channel, i.e. G ρρ (x 0 ). This leads to the following asymptotic behaviour [34, 40] of the quark-disconnected vector correlation G 
in agreement with the expectation based on ChPT [49] . A lattice evaluation of the l.h.s. of eq. (12) as a function of x 0 is shown in Fig. 7 . A significant reduction of the statistical fluctuations in G s disc (x 0 ) was obtained by using the same stochastic sources for the light and strange quark contributions. The signal is compatible with zero with an error approaching 1/9 at x 0 ≈ 15a ≈ 1 fm. By assuming that the asymptotic value in eq. (12) is reached at this distance, a conservative upper bound on the disconnected contribution of ∼ 4% can be inferred.
Conclusions
In the next few years, a new generation of experiments is expected to improve the determination of the anomalous magnetic moment of the muon a µ by a factor of four. A similar improvement in the SM prediction would greatly enhance the sensitivity to physics beyond the SM. Leading order hadronic effects are responsible for the largest theoretical uncertainty in a µ , coming from a phenomenological approach based on a combination of dispersive techniques and experimental data. Lattice QCD provides a first principles determination that can lead to an independent and valuable check. We have presented some recent ideas and applications that are expected to lead to an improved determination of a HLO µ . Higher-order hadronic effects from light-by-light scattering are the second largest source of error in the SM prediction of a µ . We refer to ref. [50] for a review presented at this conference about the recent progress in using lattice QCD to determine these contributions.
